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Abstract GMV-algebras are a non-commutative generalization of MV-algebras and they
describe a non-commutative many-valued Lukasiewicz logic. We introduce a bounded
Boolean power of GMV-algebras. Using the bounded Boolean power of MV-algebras,
we show that the free product of an MV-algebra and a Boolean algebra is again a com-
mutative MV-algebra, however the free product of MV-algebras in the variety of GMV-
algebras is in general non-commutative (Dvurecenskij and Holland, Algebra Univers.,
(2010), doi:10.1007/S00012-010-0035-X). In addition, we analyze also a topological ver-
sion of the Boolean power and we show that these constructions are equivalent.

Keywords Boolean power - MV-algebra - GM V-algebra - Boolean space - Free product -
Unital ¢-group

1 Introduction

Theory of quantum structures was inspired by mathematical foundations of quantum me-
chanics. Today there is a whole hierarchy of quantum structures: Boolean algebras, ortho-
modular lattices, orthomodular posets, orthoalgebras, D-posets and effect algebras, etc. For
a guide through the realm of quantum structures, see the monograph [7].

The classical measurement is performed through a Boolean algebra whereas classical
one through one of other quantum structures.

We often combine together classical and quantum experiments. Such measurement set-
tings were described in [3] and they represent an experiment in which a measurement device
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is classical and the measured particles (parameters) are quantum. For such a combination we
need a structure that corresponds to the construction of the bounded Boolean power with the
given non-classical structure.

An algebraic construction of bounded Boolean powers was studied for many quantum
structures, i.e. for orthomodular posets in 1986 by Ptdk, [14], for difference posets in 1994
by Dvurecenskij and Pulmannovd, [6], and for orthoalgebras in 1995 by Foulis and Ptik,
[10], etc. Moreover, bounded Boolean powers are examples of tensor products of certain
types of structures, for difference posets, see [6, 7].

The construction of Boolean powers was originally introduced in the field of topology
for rings by Arens and Kaplansky [1] in 1948. Later it was generalized by Foster [8, 9] for
arbitrary universal algebras. In the paper we refer to this construction topological.

Pseudo MV-algebras, [11], and, equivalently, generalized MV-algebras, [15], were in-
dependently introduced. They represent a non-commutative extension of MV-algebras and
they are an algebraic counterpart of Lukasiewicz many-valued logic.

So far bounded Boolean powers were defined only for commutative algebras and in this
paper we show that it is also possible to define them for non-commutative algebras, in par-
ticular, we study the Boolean power of GM V-algebras.

Thanks to [4], every GMV-algebra is an interval in a unital £-group (= lattice ordered
group (written additively), G, with a strong unit u, i.e. an element u € G* such that given
g € G, there is an integer n > 1 such that g < nu). Using this basic representation, a free
product of GM V-algebras was studied in [5] and the free product of MV-algebras in [13].
In [5], it was shown that the free product of MV-algebras in the category of GMV-algebras
can be non-commutative. In what follows, using the bounded Boolean power, we show that
the free product of an MV-algebra with a Boolean algebra 2" taken in the category of GMV-
algebras is again an M V-algebra.

The paper is organized in the following way. In Sect. 2 we recall some basic definitions
we use in the paper. In the next section we show the properties of an algebraic construction of
the bounded Boolean power. The last part contains a definition of a topological construction
and the analysis on the relation between these two constructions.

2 Preliminaries

According to [11], a GMV-algebra is an algebra (M; &,~,”,0, 1) of type (2, 1, 1, 0, 0) such
that the following axioms hold for all x, y, z € M, where the derived operation © appearing
in the axioms (A6) and (A7) is defined by

yoOx= (x_ @y_)w.

A x(y®P2)=xdy) Dz

(A2) x0=06x =ux;

A3) xDl=1®dx=1;

(Ad4) 17 =0; 1 =0;

(AS) x"®y ) " =x"@®y);

(A6) x® (" O =y®(H OX)=x0y)dy=(0O0x)dx;'
A7) xO(x" ®y)=x®Yy)0Oy;

(A8) (x7)~ =x.

1o hasa higher priority than @.
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As an example, if u is an arbitrary positive element of a—not necessarily Abelian—=¢-
group G (= lattice ordered group),

I'(G,u) :=[0, u]
and

X®y:=x+y Au,
X =u-—x,
X =—x+tu,

xQy:=x—-u+y)Vvo,

then (I'(G, u); &, ,~,0,u) is a GMV-algebra [11].

Due to a famous result of Mundici, MV-algebras are intervals in unital Abelian £-groups,
[12], whereas GM V-algebras are intervals in £-groups not necessarily Abelian, [4]. We de-
note by GMYV the variety of GMV-algebras.

A general definition of the free product in an algebraic structure is in [16], and the free
product of GM V-algebras was defined in [5]:

Definition 2.1 We say that a GMV-algebra M is the free product of a system of GMV-
algebras, {M; : i € I}, in the class of all GMV-algebras, if there is a system of GMV-
embeddings, {m; : i € I}, (= injective homomorphisms of GMV-algebras) n; : M; — M
such that

(i) the set |, ; i (M;) generates M,

(ii) for any GMV-algebra N and a system of homomorphisms n; : M; — N, fori € I, there
exists a (necessarily unique) homomorphism y : M — N such that n; = y o m;, for
iel.

The free product M of a system of GMV-algebras, {M; : i € I}, in GMYV coincides with
the coproduct taken in GMYV (we note that the definition of the coproduct is the same as that
for the free product only the system of GMV-homomorphisms, {7;};, is not assume more
to be a system of injective mappings. Therefore, we have denoted the free product M (if it
exists) by | [;., M; as is usually denoted the coproduct. If the system is finite, we simply
denote the free product M = M, UM, U ---UM,.

We note that in [5], any system of non-trivial GMV-algebras (i.e. 0 5% 1) has the free
product of GMV-algebras.

Definition 2.2 Let B be a Boolean algebra and let M be a GMV-algebra. Let us define the
set

M*[B]:{feBM:a;«éb:>f(a)/\f(b):O,|f(M)|<oo, \/f(x):l}.

xeM

The set M*[B] is a so-called bounded Boolean power of M by B.
Forany f € M*[B], weset My :={x e M : f(x)#0}.
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3 Main Results

In the present section, we show that the bounded Boolean power of a GMV-algebra with any
Boolean algebra is again a GM V-algebra.

If a Boolean algebra B is trivial, i.e. 0 = 1, then the bounded Boolean power of arbitrary
GMV-algebra M by B is a one-element set containing the function from M to B mapping all
elements of M on 0. So it is isomorphic to the one-element GM V-algebra. In what follows,
we consider only non-trivial Boolean algebras in the construction of the bounded Boolean
power.

For any element a € M let us define @ € M*[B] by

. B 1, x=a, 31
a(x) = 0. x+a. (3.1

Theorem 3.1 Let M be a GMV-algebra and B be a Boolean algebra. Then (M*[B]; @, ~,
~,0,1), where for f,g € M*[B], x € M:

(foaw=\/ fu)rgw), (32)
L?;L'G:A:Ic
(F)@=f(x") and (f7)@) = f(x"), (3.3)

is a GMV-algebra.

The proof of Theorem 3.1 is shifted just after Corollary 3.3. First we prove a general
result which shows how to calculate operations in M*[B].

Lemma 3.2 Let M be a GMV-algebra, B be a Boolean algebra and M*[ B] be the bounded
Boolean power of M by B. Let p(xy, X2, ..., x,) be a polynomial expression in the language
of GMV-algebras. If f; € M*[B],i =1, ...,n, then for any x € M

[p(fis o ] =\ AW A fra) A A fluy).

Uy, U, ....un€M
puy,ug,....up)=x

Proof First we define GM V-algebra polynomial expressions and their lengths:

(i) 0,1 and variables (denoted e.g. x, y, ...) are GMV-algebra polynomial expressions of
length 1.
(i) If f is a GMV-algebra polynomial of the length n, then f~, f~ are GMV-algebra
polynomials of the length n + 1.
(iii) If f, g are GMV-algebra polynomials of lengths m, n, respectively, then f @ g is a
polynomial expression of the length m +n + 1.

(For the simplicity of the proof, we do not include the derived GM V-operations as ©, A,
V, etc.)
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For the length 1 we have:

Case (i): p(xy,x2,...,%,) =0:
The left-hand side of the expression is equal to 0 in M*[B], i.e. O.
The right-hand side, \/  uj.uy.unemr  fru) A o) A--- A fi(uy,), is for x # 0 equal

o O:p(ul,uz,m,uy):x
to 0 (as the empty join) and for x = 0 it can be rewritten as

\/ Sy A A fu(un)

U,....un€M
=<\/ fl(u1)> Ao A (\/ fn(u,,)> =1A---Al=1.
ueM upeM
Thus the right-hand side of the expression is also equal to 0.
Case (ii): p(xy, ..., x,) = 11is proved analogously.
Case (iii): p(xy1,...,X,) = x;:

For fixed x € M, the left-hand side of the expression is equal to f; (x) and the right-hand
side is

\ Srw) A falug) A A fu(uan)

UL, U, .., Un €M
pluru,....un)=x

=V  A@)A L@ A A fulu)
Up,....un€M

(\/ fmm) A A ( \V fi_1<u,-_1>)

ureM uj_1EM

AV ATH
u;eM
Uj=x

A( \ ﬁ+1<ui+1))A-~-A<\/ fn(un)>

ujr1€EM uneM

=1A-AIAfiX)ATA---A 1= fi(x).

Let us assume that the claim holds for GM V-algebra polynomial expressions with lengths
up to n. Let us have an polynomial expression of the length n 4 1. Then we have three
possible situations:

1) pxy, ..o, xy) =gy, ..., x,) ", for g(xy, ..., x,) with length n,

2) pxyy ..., xy) =81, ..., x,)7, for g(xy, ..., x,) with length n.

B3) px1, ..., xp) = g(x1, ..., %) ® h(xy,...,x,), for g(x1,...,x,), h(xy,...,x,) with
lengths s, ¢, respectively, where s 4+t = n.
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Case (1):

[p(fisees fD] ) = (8(frs o oes f)T) ) =8(fis s fi)(x7)
=/ A@)A L) A A fluy)

uy,up,....un€M
8(f1eer fr)=x"

\/ Fi@) A o) Ao A futg)

Ul,...,un€M
8(f1sn ) T=(") T =x

\  A@) A f) A A ).

Uy, U, ....un€M
PQUy,.sttn)=x

Case (2): It can be proved similarly as Case (1).

Case (3):

[p(fl’fzv'-'sfn)](x): [g(fl» f27---7fn)@h(fl7 f27-"afn)](-x)
=\ s(fi. foreees FD@ AR(S1 frr- s ) ()

u,veM
udv=x

\  [A@) A A L@ A[A@D A A fa@n)].
Ul,...,un€M
V],....Un €M
u,veM
gluyg,..., Up)=u
h(vy,..., Up)=v

Forany f € M*[B],i =1,...,n, we have that f(x) A f(y) =0, if x # y. Thus u; = v;,
i=1,...,nand

[p(fi forn ] =\ A@DA fow) Ao A fulin)

Up,u,....un€M
u,veM
gluy,ug,...un)=u
h(uy,uy,....up)=v
uPv=x

Vo A@)Af@) A A L)
uy,u,....un€M
gluy,up,....un)®
h(uy,up,....un)=x

\V  A@)A f) A A fau).

UL, U, .., Un €M D
Py U2, .stin) =X
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Corollary 3.3 Let M be a GMV-algebra, B a Boolean algebra and M*[ B] be the bounded
Boolean power of M by B. Then for f, g € M*[B]

(foow=\/ fwnrgw. (3.4)

u,veM
u@u=x

Proof of Theorem 3.1 First we prove that M*[B] is closed with respect to operations &, ~
and ~:

Let f,g € M*[B] and let a,b € M. Since | f(M)| < oo and |g(M)| < oo, we see from
(3.2) that |(f @ g)(M)| < oo.

We are going to compute

(f®)@) A ((f @ )(b)) ( \/ f(u)Ag(v)> A( \/ f(s)Ag(t)>

u,veM s, teM
uPv=a s@r=b

\/ f@)Agw) A fs)Agl)
e
s®t=b

\/ f@ g Ag)
u,v,teM
uPv=a
udt=>b

=V fwAgw) =0, ifa#b.
u,veM
udv=a
u®v=>b

For any u, v € M is u @ v equal to some x € M, thus we can compute:

\/( \/ f(u)Ag(v)) = \/ fu) A g)
xXeM u,v

u,veM

(\/f(m) A (\/g(v)) =1al=1

ueM veM

udv=x

This finishes the proof that f & g is in M*[B].

Let f € M*[B]. From properties of GMV-algebras it follows that unary operations ~
and ~ are bijections of M onto M. Thus a= = b7, iff a = b, iff ™ = b~ and we have that
@A f~B)=0=f~(@) A f~(b), whenever a #b. | f~(M)| = | f (M) = | f(M)]| <
oo and similarly | f~(M)| = |f(M™)| = |f(M)| < oo. (We have denoted M~ ={a~ :a €
M}and M~ ={a~ :a € M}. Certainly, M~ =M =M"".)

Vi@=\fa)=\ fa)=\ fla)=\ r@=1

aeM aeM aeM— aeM aeM

Similarly we can prove that \/ _,, f~(a) = 1. This proves that f~ and f~ are from M*[B].
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It remains to check the axioms of GMV-algebras for M*[B]. We prove only the asso-
ciativity (A1) to illustrate the power of Lemma 3.2, because the proofs of (A2)-(A8) are
similar.

(A1) Associativity: x ® (y®2)=x D y) Dz
Let f,g,h € M*[B] and x € M. Then

[Focemlm=\/ f@rgw) Ahw),

u,v,weM
u@(vew)=x

[(fopem]m=\/ [ Argw) Ahw).
u,v,weM

(udv)dw=x

Since associativity holds for GM V-algebras, due to Lemma 3.2 the previous expressions are
equal forany x e M,ie. f®(gDh)=(fD g Dh. 0

Theorem 3.4 Let M be a GMV-algebra, B be a Boolean algebra and M*[B] be the
bounded Boolean power of M by B. Then the map o : M — M*[B], defined by

aa@)=a, aeM, (3.5)
is a GMV-embedding of M into M*[B].

Proof We have

@eh]w=aebm=]" =%
[aa ]x_[a 1(x) = 0. xtadb an

oA B . Ao 1, x=a®b,
[w(@) @ a®)](x) =4 ® bl(x) = u.\U{Ma(u)Ab(v)_[O’ < tawmb

uv=x
(We have used the following observation. Whenever u differs from a or v differs from b
then a(u) A b(v) =0.) Thus a(a @ b) = a(a) ® a(b).

1, x=a,

== 2

and

1, x“=a {1, X T =x=a",

[Ot(a)](x)=[5’](X)=&(x~)=!0, a0, x#a

Thus x(a™) =a(a)”. .
Analogously we can prove that a(a™) = a(a)™. Let a(a) = a(b), i.e. a = b, which is
equivalent to a = b. This proves that « is injective. ]

A Boolean algebra B can be treated as a special case of GMV-algebras in which the
operations are defined as follows fora,be B:a®b=aVvb,aOb=aArb,a” =a“=a",
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where ¢ is the complement in B. Moreover, a GMV-algebra M is a Boolean algebra iff
a®@a=aforanyae M.

Theorem 3.5 Let M be a GMV-algebra, B be a Boolean algebra and M*[B] be the
bounded Boolean power of M by B. Then the mapping B : B — M*[B] defined by

a, x=1,
B@)(x)=13a°, x=0, a € B, 3.6)

0, otherwise,

is an injective GMV-algebra homomorphism of B into M*[B].

Proof Trivially, for any b € B, (b) € M*[B]. Indeed, if x # y, x,y € M then S(b)(x) A
B()(y) =0, because B(b) is non-zero only for x,y € {0, 1} and when x # y, we get
the result b; A b5 = 0. |B(D)Y(M)| = [{b,b°,0}| < c0. And \/ ., B(B)(x) =b V bV
\/XGM\{O,” BDYx)=bVvbVv0O=1.

byVvb,, x=1,
ﬂ(bl@bz):ﬂ(bl\/bz): b?/\bg, X=0,
0, otherwise,

[B(b1) ® B(1b2)1(x) =\ uvem B(b1) () A B(b2)(v). The element B(b;)(t) is non-zero only
fort=0andr =1, Whicﬁeaguizvxes us the following 4 non zero combinations for (u, v), (0, 0),
(0, 1), (1,0) and (1, 1). For x = 0, the result is equal to S(b)(0) A B(b2)(0) = b A bS. For
x =1, the result is equal to
(BB1)(O) A BB)(D) V (BB ABB2)(0) v (BB A Bb2)(1))
= (bi /\bz) \ (b] /\b;) \/(bl /\bg) = (bi/\bz) Vb =bV by,

where we have used distributivity of B. For x ¢ {0, 1}, the result is 0, as the empty join or a
join of zero elements. This concludes the proof of B(b; @ b,) = B(b)) @ B(by).

b, x=1,
B(b™)=B(b")=B() =1 b)) =b, x=0,

0, otherwise,

b, x"=1 b, x=1"=0,
[BO) |x)=BB)(x") =10, x*=0 ={b°, x=0 =1,

0, x7#0,1 0, x#0,1.
Thus B(b~) = B(b)~. Similarly we can prove that §(b™) = B(b)~.
It remains to prove injectivity of B(b). Let 8(b,) = B(by), then B(b1)(1) = B(by)(1), i.e.
by =b;. |

A finite set of elements of a Boolean algebras B, {b; e B:i =1, ...,n}, is said to be a
finite resolution of 1 in B,if b; Ab; =0,i # j and \/\_, b; = 1.
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Lemma 3.6 Let M be a GMV-algebra, B be a Boolean algebra and let M*[B] be the
bounded Boolean power of M by B. Let {b; € B:i =1, ...,n} be a finite resolution of 1 in
B and let f; € M*[B], i =1,...,n) be given. Then f = \/?Zl(f,- A b;) is an element of
M*[B] where

n

f@=\[fix)Ab]. xeM. 3.7)

i=1

Proof Let us denote f :=\/7_,(f; A b;), then it is a mapping from M to B. Letx,y € M,
x #y. Then

FOOAFG) = (\/f,-(x) Ab,) A (\/ﬁ(y) A f(j)>

i=1 i=1

= ( \/ bi Abj A fix) Afj(x)) v\ (bi A fix) A £ ().
i,j=1,
i#]

i=l

The first join is equal to 0, because b; A b; =0, for i # j. The second join is equal to 0
because f; € M*[Blandx #y= fi(x) A fi(y) =0,i=1,...,n.Foreachi =1,...,n, f;
is non-zero on the finite subset M, of M. Then f is certainly non-zero on the subset M ; of
U, M/, that is finite.

\/f(x)z\/\n/(ﬁ(x)Abi)zi\j/l«\/ ﬁ(x))/\b,»):i\_n/lbizl. -

xeM xeM i=1 xeM

Let f be an arbitrary element of M*[B]. Then f can be expressed in the form

f=\V (orf@)=\/ Enarw).

xeM xeM
fx)#0 F(x)#0

Moreover, such a join is finite.

Lemma 3.7 Let M be a GMV-algebra, B be the Boolean algebra 2", n > 1, and let M*[B]
be the bounded power of M by B. Let by, ...,b, € B be all the atoms of B. Then each
element f of M*[B] can be written in the form v:':l(&i A b;) for some (not necessary
distinct) elements a; € M,i =1, ..., n. Moreover, such a representation is unique.

Proof Letus denote by Ap the set of all atoms of B,i.e. Ag :={by,...,b,}. Thenby,..., b,
they form a resolution of 1 in B.

From Lemma 3.6 we have that for an arbitrary n-element system of elements of M,
{ai, ..., a,}, the element \/7_, (a; A b;) is again from M*[B].

Let us prove the converse inclusion. Let f € M*[B]; then the set M, = {x eM:
fx) # 0} is finite. Let us denote the elements of My = {x; :i =1,...,¢}. (Certainly
t < n, because if t+ would be greater than n then some distinct x; and x; from M; would
share a common atom which is under both f(x;) and f(x;) and this contradicts the fact

Xi#Fx;j = fx) A fx;)=0.)
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For each f(x;), i =1,...,t, let us denote by B; the set of all atoms of B which
are under f(x;). Since \/ Ap =1, then f(x;) = \/ B;. Moreover B; for i = 1,...,1,
form a resolution of Ag. Indeed, f(x;) A f(x;) =0, for i # j implies B; N B; = and
Vis FG) =V ey f0) = 1=\ Ap implies U, B; = A,

Then f = \/i_, (& A f(x) = Vie & A (Ve §) = V1@ A bj), where for any
atom b; € B, which is the element of By, for some k =1, ..., ¢, we have denoted a; the
corresponding value of x;.

Uniqueness: Let f = \//_, (@ A b;) = Vo1 A by, for aic; e M, i, j=1,...,n.
Then for any i, b; A f(a;) =b; =b; A v7:1(é_f(ai) Abj) =¢i(a;) Ab;. Thus ¢ (a;) =1, ie.
ci=a;,fori=1,...,n. O

Theorem 3.8 Let M be a GMV-algebra, B be the Boolean algebra 2", n > 1, and M*[B]
be the bounded Boolean power of M by B. Let 1, B be the embeddings of M and B into
M*[B], respectively, defined by (3.5)—(3.6). Then the GMV-algebra generated by the set
{A(a):ae M}U{B(D):b e B} coincides with M*[B].

Proof Let us denote by N the set {A(a) :a € M}U{B(b):b € B}.

Since X and B are embeddings into M*[B], the GMV-algebra generated by N is a subal-
gebra of M*[B].

For the converse, from Lemma 3.7 we have that each element of M*[B] can be expressed
in the form \/?= (@; A b;), for some elements a; € M and the atoms of B. It is easily seen
that f(x) =\ 1=izabi.

Let g := \/;’::(k(a,«) An(b;)). We show that f = g.
From Lemma 3.2 we have that for x € M

\/ (MaD) @) A= A d(@n) @) Anb) (1) A+ An(by)(v,))

(UL AV V-V (Up Avp)=X

= \/ N W) A+ Anby) ().

(aj Avy)V--V(ap Avg)=x

g(x)

In order to 1(b;)(v;) to be non-zero, each b; has to be equal either to 1, or to 0. Whenever,
v; =v; = 1 fori # j, we have intersection of two distinct atoms that is equal to 0. In order
to obtain a non-zero outcome, at least one element v; has be equal to 1. Moreover, if all
elements v; are equal to 0, then g(0) =b{ A --- AD; =(by V- ---V Db,)=0.So g(x) =
Vizi<nbi = f(x). O

x=a;

We note that the direct product of GMV-algebras is again a GMV-algebra when the op-
erations are defined by coordinates. In particular, the power M" of a GMV-algebra M is a
GM V-algebra for any n > 1.

Theorem 3.9 Let M be a GMV-algebra, B = 2" be a finite Boolean algebra, n > 1, and
M*[B] be the bounded Boolean power of M by B. Then M*[B] is isomorphic to the GMV-
algebra M".

Proof Let us denote the elements of the set of all atoms in B as b;,i =1,...,n.
Let us define a mapping i : M" — M*[B], (a1, az,...,a,) — \/;’zl(&i A Db;).
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We prove that 4 is an isomorphism from M" onto M*[B]. h((ay, ..., a,) @B (c1, ..., cp)) =
h(ay®cy,....an®cy) =\/[{_ (@i ®c; Aby).

[hay,...,a) ® h(cy, ..., cn)](x)

([\/(&i A b,«)} ® |:\/(éj A bj)D(X>
i=1 j=1

\/ <|:\/(a,/\b):|(u)/\|:\/(c Ab; )}@))

u,veM i=1
udv=x
=\ <\n/[&,-(u)/\é,-(v)/\b ) \/[( \/ a,(u)/\é,-(v)])/\b,—]
u,veM \i=1 i=1 u,veM
uPv=x uPv=x

\/[a@ ®ci@) nbi]= (\/[m A b,-]> (x).

i=1 i=1

This concludes the proof of h((ay, ..., a,)®(ci,...,cp))=h(ay,...,a,)®h(cy, ..., cu).
For the operation ~ we have:

n

W@ ....a) ) =h(ay.....a;) = \/(a; Ab).
i=1

[h(ar,....a) " ]@) = hia,...,a)[x"] = [\/ (@ A b; )}

n

_\/ X)) A by) =\/a (x) A b; =|:\/a Ab;) :|(x).

i=1

Indeed, forany i =1,...,n,
n [~ I, x"=aqa 1, XN_=X=a; —~
a;(x7) = L, = B} —a (x).
0, x~#aq 0, x#a;
Similarly we can prove that h((ay,...,a,)”) =h(ai,...,a,)".

" Vi_bi=1, x=0
h0,...,0)(x) = \/0(x) Ab; = = =0(x).
( )(x) \:/1 (x) { ’ x 20 =00
SR Vibi=1, x=1, .
h(l,...,DHx) = 1(x) Ab; = - =1(x).
( )(x) \:/. (x) {07 epl =100
If h(ay,...,a,) = h(cy,...,cy), then certainly a; = ¢;, for i = 1,...,n and
(ay,...,a,)=(cy,...,cy). This proves the injectivity of h.
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From Lemma 3.7 we have that each element f € M*[B] can be written in the form
\Vi_;@@; A b;), for some elements a; € M, i = 1,...,n. Then certainly h(ay, ...,a,) =
V' ,(@; A b;) = f and thus h is surjective. O

Theorem 3.10 Let M be a GMV-algebra, B =2" be a finite Boolean algebra, n > 1 and
let M*[B] be the Boolean power of M by B. Then M*[B] is isomorphic to the free product
of B and M taken in the category GMV, i.e. M*[B]=BUM = M".

Proof By Lemma 3.7, any element f € M*[B] can be uniquely written in the form f =
Vi@ A b;), where {by, ..., b,} is the set of atoms of B. Let K be any GMV-algebra and
letn: B— K and u: M — K be GMV-algebra homomorphisms, see the diagram:

M<—> M*[B] QB

Nt

Let us define a mapping y : M*[B] — K by y(f) = \/_,[i(a;) A n(b;)] whenever
f=V'i_,(@ Ab;) € M*[B]. Since K is closed under A and Vv, y(f) is an element of K,
and due to Lemma 3.7, y is a well-defined mapping.

Claim 1 y is a GMV-algebra homomorphism.

If £ = \/iy @ Aby). then f~ = \/i_y (@ Aby).Sothaty (f ) = /i, [n(a)) Anb)] =
Viz @)™ A ni)].

y(f) = (\/(Ma,«) An(bi))> = A(u(@)™vn®)")

i=1 =

= /\(u(a,-) v \/n(b_;)) = A (@)™ v \/(u@)™ A n(b))
i=1

- i i=1

B

(@)™ Anby)

because

n

[\ @) (/\u(m) (B V -V aby) < \/ (@)™ An®)).
i=1

i=l

Thus y (f7) =v(/)~.
In an analogous way, we can prove that y (f™) =y (f)".
Let f =\ (a Ab;) and g =\/'_ (& A b;). Then

y(f@g) = y<\/(m A b») =\/ (@ ® 1) A n(by))

i=l1 i=l1

= \/((,u(ai) ® u(c)) Anb)).
i1
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V(f)®y(g)=(\/ (a)An(b)) (\/(u(c»m(bi)))

= i=1

= \/((M(ai) A TI(bz)) b (/’L(Ci) A ﬂ(bz)))
i=1

n
vV (@) An®)) @ (uicp) Anb)))).
ij=1,
i#]j
Since @ is distributive over V and A, [11, Prop. 1.15], we have

(M(ai) A U(bi)) ® (M(Ci) A U(bi))
= (H(ai) 2] (M(Ci) A ﬂ(bi))) A (fl(bi) @ (M(Ci) A U(bi)))
(@) ® p(en) A (nla) @ nbi)) A (n(bi) ® p(en) A (n(bi) @ n(by))
(@) ® p(en) A (nla) @ b)) A (nbi) ® p(ci)) A niby)
(@) ® p(c) Aniby).

Let us compute the expression for i # j:

Foranyi=1,..., n, the element 1 (b;) is Boolean, i.e. n(b;) @& n(b;) = n(b;). For any
element a € K and a Boolean element b € K wehavea® b =aVvb=>b®a,][l1, Prop.4.3].
Hence

((a) Anby) @ (1ulc;) An(b;))
= (@) ® ulcp)) A (@) ®nb)) A (nb) @ nic;)) A (nb) ®nb;))
= (@) ® ulcy)) A (ua) v b)) A (nb) v ue)) A (nb) v b))
=[u(@) v (nla) ® uic) Anbd)] A (i) v b)) A (nb) Vv nb;))
= [M(ai) Au(cy) VvV ule)) Anb;) v ula) An(b;)
V (@) ® ulep) Anbi) Anb)] A (nbi) v b))
= u(a;) A ulcj) A (Tl(bi) Vv Tl(bj)) Vou(c;) Anbj) Vv ula;) Anb;)
=u(a;)) Anb;) Vv ulc;) Anb;) < (M(ai) @ M(Ci)) Anb;) v (M(aj) S M(Cj)) An(by).

Claim 2 If § : M*[B] — K is a GMV-algebra homomorphism such that § o B = n and
Sdoh=pu,thens=y.

Let f = \V_(@ A b)) =\/;_[x(a) A Bb)]. Then 8(f) =8(\/;_ [A(a) A B(b)]) =
Vizild( (@) A8(BB)] = Vi_irnla) Anbl=y(f).

The final conclusion on the free product follows from Theorem 3.9. ]

In [5], it was shown that the free product of two M V-algebras taken in the category GMYV
is not necessarily an MV-algebra. Theorem 3.10 shows that in some cases, the free product
of MV-algebras is again an MV-algebra, that is, if M is an MV-algebra, then M LU 2" = M".
This isomorphism was establish also in [13, Thm. 4.5] for the variety of M V-algebras.
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4 Connection with General Topological Construction

Due [2, Chap. IV, §5], a topological construction of a Boolean power was firstly introduced
in 1948 by Arens and Kaplansky [1] for rings and later in 1953 it was generalized for general
universal algebras by Foster [8, 9]. The main aim of this part is to show a one-to-one cor-
respondence between the algebraic construction, i.e. the construction introduced in Sect. 2
and the topological one.

For a Boolean algebra B we denote B* the corresponding Boolean space, i.e. a com-
pletely disconnected compact Hausdorff topological space whose base of clopen subsets
forms a Boolean algebra isomorphic to B). Then we have the following definition of a
Boolean power [2, Chap. IV, §5].

Definition 4.1 Let B be a Boolean algebra and A be an algebra of some type XC. Then A[B]}
denotes the set of all continuous functions from B* to A, giving A the discrete topology. We
say that A[B]' is the (fopological) Boolean power of A by B, where the operations are
defined pointwisely.

Due to [2, Thm. IV.5.4] we have the following properties of topological Boolean powers:

Theorem 4.2 Let A, Ay, A, be algebras of some type K and let B, By, B, be Boolean alge-
bras. Then the following properties hold:

(a) if B is non-trivial, A can be embedded into A[B],
(b) Al2]f = A,

(¢) A[By x B:ly = A[By]; x Al[B]},
(d) (A; x Ay)[B]; = A\[B]} x Az[B];.

In what follows, we show that there is a one-to-one correspondence between an algebraic
construction and a topological construction of Boolean power; then Theorem 3.9 is an easy
consequence of points (b), (c) in the previous theorem.

Due to [2, Lem. IV.5.2], elements of A[B]; can be visualized as follows. For each element
f € A[B]}, there exists a finite decomposition of B* into clopen sets Ny, ..., Ni such that
f is constant on each N;.

From the construction of the Boolean space B* corresponding to the Boolean algebra
B, we have that B* is the set of all ultrafilters (= maximal proper filters) in B and there
is a one-to-one correspondence between elements of B and clopen (= closed-open) sets of
B* given by a € B+~ N, ={U € B*:a € U}, and to each clopen set O there is an ele-
ment aop € B such that O = N,,,. Moreover, N, U N, = Nyvi, No N Np = Nynp, N, = Ny,
No=@, Ny = B*.

Due to the visualization, to each N; there corresponds an element d; € B, such that N; =
Ng;. Since N; for i =1, ...,k form a decomposition of B*, we have that d; A d; =0, for
i # jand \/ff:1 d; =1.Foreachi =1,...,k let us denote a constant value on N; by q;.

Without loss of generalization, we can assume that the values of f on each N; are dis-
tinct. (If there were two N;, N;, i # j such that a; = a;, then we can simply form another
decomposition of B* containing as subcomponent the union N; UN; = Nd,.vdj which is also
a clopen set. Having a finite number of N;’s, we can repeat the previous step to obtain a
desired decomposition of B*.)

Then we construct an element f, € M[B]* such that to each value a; € M (constant value
on N;) we simply assign the corresponding value d;, i.e. f, = \/f=1 (a; Nd;).
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For the converse, to each element g € M[B]* with g = \/;":1 (a; A d;) we assign an ele-
ment g, € M[B]; in the following way: the value g; is obtained on N,y = Ny, .

Itis not very hard to see that f € M[B]* — f; € M[B]; — (f;)o = f and g € M[B]; >
8. € M[B]* — (g.): = g, 1.e. there is a one-to-one correspondence between elements of
MI[B]* and M[B]}. Moreover, we prove that the operations on M[B]* are in a correspon-
dence with operations on M[B];.

If{d;:i=1,...,n}and {e; : j =1, ..., m} are two resolutions of 1, the set {d; Ae; :i =
1,...,n, j=1,...,m} is again a resolution of 1 which is a refinement of any of the given
resolutions. Therefore, we can express elements f, g € M[B]* over the common resolution
{fiv..., fitof 1.So f = \/f.‘zl(&,- A fi)and g = \/f;l(é,- A fi). Thus f, and g, are constant
on Ny, and they take values g; and c;, respectively. f @ g is then equal \/f;l(c@ A S
and thus (f @ g), has the value a; ® ¢; on N,, which corresponds to the pointwise operation
of M[B]}.

The complement f~ is equal \/f.‘:1 (@; A fi),ie. (f7), has the value a; on N, which
again corresponds to the pointwise operation on M[B];. A similar situation is for f~ and
also for the both constants 0 and 1.

For the converse, let f, g be elements of M[B]; expressed in an irreducible form, i.e. f
attains values a; on Ny, fori =1,...,n and g attains values c; on NL,J. for j=1,...,mand
a; #aj, ¢; # cj for i # j. Then, for each pair (i, j), the value of f and the value of g on
Ny N Ngj = Ng;ne : # ) is equal to a;, c;, respectively. f @ g is computed pointwisely and
the irreducible form is obtained in the way described above. For some value x = a; @ c;j,
which is attained on NdiAej, there exist pairs of (i1, ji), ..., (i, jr) such thatx = a;, ®¢;, =
.-+ =a;, @cj,. We assume that besides these pairs there is no other pair giving value x. Then
the value x is attained on Ndl.l nejy U---u Nd,.k nej, = Ny, whered =d; ANe; V---Vd Nej,.
So (f®g)a(x) =d=\/,g,_ fa(u) A g,(v). In a similar fashion we prove that (f 7). (x) =

() x) (f)ax) = fu(x™) and 0, =0, 1, = 1.
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